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ABSTRACT: The sol-gel transition (SGT), upon which the infinite cluster (IC) of thermoreversibly bonded
particles (gel fraction) appears against a background of a set of finite clusters (sol fraction), is quantitatively
considered with due regard for large and complicated (mesoscopic) cycles inevitably present in the IC. To
this end we present a new approach based on a concept of the monomer identity breaking and density
functional description. We strictly derive, via a proper choice of basic structural units of the gel fraction,
all statements usually supposed to be just Flory (Stockmayer) assumptions. A further analysis of the IC
structure reveals some new IC structural units (those involved into mesoscopic cycles) overlooked in both
Flory and Stockmayer approaches and to be described by a new order parameter characteristic only of
the gel phase. As a result, the SGT is found to transform from a geometric phenomenon to a genuine
first-order phase transition always followed by a phase separation into sol and gel phases. The free energy,
total conversion, volume fractions of the gel fraction, and dangling monomers as well as other structural
quantities are calculated as functions of a reduced monomer density and analyzed for all the existing
models. The Flory approach is found to be superior to the Stockmayer-Tanaka one and satisfactorily
describe some of the dense weak gel properties but fail (even qualitatively) in a quite extended vicinity
of the SGT.

1. Introduction
The sol-gel transition (SGT), upon which the infinite

cluster (IC) of bonded particles (the gel fraction) appears
against a background of a set of finite clusters (the sol
fraction), is one of the most fascinating phenomena of
polymer physics. Flory1,2 and Stockmayer3 first under-
stood its profound physical background. They found a
distribution n(k) of the number n of clusters consisting
of k monomers as well as conditions when the IC occurs
in systems of reacting monomers. But what are the
structure of the IC and the state of chemical equilibrium
between the gel and sol fractions stays to be a matter
of controversy until now. Briefly, both Flory and Stock-
mayer assume the treelike structure of both finite and
infinite clusters for any finite scale. But on the infinite
scale, i.e., in the thermodynamic limit V, N f ∞, F )
N/V ) constant (V, N, and F being the volume of the
system, total number of particles, and their density,
respectively), their IC pictures differ strongly. Whereas
the Flory theory resulted in a gel containing some
amount of cyclic (but closed at infinity only) paths,
Stockmayer claimed that getting such cycles on the
basis of consideration involving no explicit cycles proves
only an inconsistency of these considerations and sug-
gested that, within the tree approximation, no cycles
appear in the IC at all. This controversy has been
revived in the past decade in connection with the
attempts to understand and describe the SGT in weak
(annealed) gels,4 i.e., the systems capable of forming the
branched and cycled structures supposed to be in
chemical equilibrium as to making and breaking some
saturated bonds.

The state of the real high-molecular-weight polymer
gels is rather frozen than annealed (that of a chemical
equilibrium). However, there are a lot of low-molecular-
weight self-associating solvents whose properties influ-
ence the phase behavior of the polymer solutions very

much. Water, alcohols, and silicate melts are well-
known examples of weak gels, which speaks for itself
how important are these systems for chemistry, bio-
physics, and earth sciences as well as for diverse
applications in technology. On the other hand, the
behavior of more realistic frozen polymer networks can
be described via a replica generalization5 of the weak
gel description that substantially depends on which
model is chosen as a basement for such a generalization.
So, understanding of the annealed gels behavior is a
primary goal for understanding of both the polymer
solutions in the associating solvents and the frozen
polymer networks.

In the works by Tanaka,6-11 who adopted the Stock-
mayer approach, the SGT appears to be the genuine
third-order phase transition. Other authors12-21 ana-
lyzed thermodynamics of clustering in weak gels within
a mean-field approach that implies a simple dependence
of the conversion, i.e., the fraction of the chemical groups
actually participating in the formation of labile satu-
rated bonds, on the total density of all groups. (This
dependence is equivalent to the Flory principle of the
equal reaction ability.) These authors concluded that the
SGT is a purely geometric phenomenon leading to no
singularities in the thermodynamic behavior of weak
gels. In particular, the Tanaka-Stockmayer approach
was criticized recently by Semenov and Rubinstein.21

However, none of the aforementioned theories take
into account properly the most essential property of the
infinite networks (apart from the infiniteness itself): the
dominant role of the cyclization effects for description
of the IC structure. Indeed, the correction due to small
loops (see Figure 1b,c) was found22,23 to be proportional
to the parameter ε ) (fFa3)-1. (Here F and f are the
number density and functionality of the monomers Af;
a is a distance (the bond length) between the bonded
monomers.) On the other hand, no IC can be embedded
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into the real 3D space without large and complicated
closed paths of chemical bonds. (This evident fact is
sometimes referred to as the Malthusian paradox.) It
follows that smallness of ε implies only that it is the
amount of small and simple loops that could be ne-
glected. On the contrary, the amount of the bonds
involved in large complicated cycles (see Figure 1d) is
shown within a proper perturbation procedure23-25 to
increase when the conversion increases above the SGT.
Thus, any adequate description of the IC structure must
allow for the cyclization effects explicitly (rather than
implicitly as in Flory case).

Such a description was first proposed by Erukhimov-
ich25 via simultaneous application of the field-theoreti-
cal26 and density functional27 methods. Unfortunately,
this work seems to be not quite understood yet or even
misinterpreted,28 which is partially explained by its
composition and complexity. In the present paper we
improve the original approach25 and solve finally the
old controversy by giving a unified density functional
description of all existing SGT models. To this purpose
the presentation is organized to gradually add complex-
ity and accuracy. In section 2 we define our model and
obtain the contribution to the free energy due to
formation between the associating particles without
invoking any idea of the IC structure. In section 3 we
elaborate the concept of the broken monomers identity
(BMI) playing the uppermost role in our approach. The
idea of this concept is to partition all the monomers into
the classes that topologically differ by their location
within the gel or sol fraction and characterize all the
monomers belonging to each class by a particular coarse-
grained density. Then the thermodynamically equilib-
rium partition is to be determined by the requirement
of the minimal (with respect to all possible partitions)
free energy. Using the BMI concept, we derive (rather
than assume) all the Flory and Stockmayer results
concerning the SGT. As a result, we show here that both
the Stockmayer and Flory gel pictures correspond to
particular states of the partial equilibrium with respect
to forming some elements of the IC, the Stockmayer
state turning out to be unstable as to transforming into
the Flory one. In section 4, possessing the central place
in the present paper, we give a new treatment of the

chemical equilibrium between the sol fraction and
strongly cycled gel, thus extending our preceding con-
sideration.25,29 We show that the Flory state itself is
unstable as to transforming into a strongly cycled state,
containing mesoscopically large but finite closed trails
of the chemical bonds. The symmetry difference between
the monomers that belong to these trails and those that
do not causes occurrence of a new order parameter
peculiar for the gel phase which results, in turn, into
violation of the Flory principle of equal reaction ability.
We also calculate here the structural free energy of a
mesoscopically cycled (MC) state and derive the mass
action law replacing the conventional one if the IC with
MC trails appears. Some structural and thermodynamic
characteristics of the weak gels for all considered models
are calculated and compared in section 5.

2. The Lifshitz Approach and Flory-like Density
Functional Description

2.1. The Model and the Lifshitz Approach. For
definiteness, we consider in this paper weak gel consist-
ing of identical f-functional monomers Af, i.e., particles
with f g 3 identical chemical groups A capable of
forming A-A bonds via the reversible chemical reaction

The densities F1 and F2 of the free and bonded groups
A, respectively, obey the mass action law (MAL)30

where k(T) is the reaction equilibrium constant. The free
energy F and partition function Z of this system may
be written in the conventional manner:

Here T is the temperature measured in the energetic
units (which corresponds to setting the Boltzmann
constant k to be equal to unity), the denominator N!
allows for identity of the monomers, and the heat
wavelength λT occurs after integration the Maxwell
distribution over the monomer momenta. At last, f(X),
with X ) (r1, r2, ..., rN) designating a point of the space
(ri is the coordinate of the ith monomer), is the distribu-
tion function in the configuration space of the system
assumed to be factored as follows:

The first factor, f0(X), would be the distribution function
if no bonds did exist. So, it is just the Gibbs distribution
function:

(U(X) and V(r) are the energy of interaction between
all monomers of the system and the potential of their
pair interaction, respectively.) The second factor in (2.3)
describes the energy change and restriction of the
configuration space of the system due to appearance of
chemical bonds:

Figure 1. Typical blocks serving as bricks under formation
of clusters of thermoreversibly bonded A3 monomers: (a) single
monomer (“bare” vertex); (b, c) the simplest cycled blocks of 1
and 2 independent cycles, respectively; (d) a more complicated
cycled block consisting of six independent cycles. The side
“shoots” correspond to both the unreacted groups A and to
those that form “external” bonds connecting the blocks into a
larger cluster.

A + A T A2 (2.1a)

F2 ) k(T)F1
2 (2.1b)

F(V,T,N) ) -T ln Z(V,T,N),

Z(V,T,N) ) ∫f(X) dX/(λT
3NN!) (2.2)

f(X) ) f0(X) fstr(X) (2.3)

f0(X) ) exp(-U(X)/T) ) exp(-∑
i*j

V(|ri - rj|)/2T)

(2.4)
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Here the function g(r) describes the additional correla-
tion between the coordinates of the ith and jth mono-
mers due to forming an A-A bond between them. It is
related to the chemical equilibrium constant k(T) for
reaction 2.1 and the bond length a as follows:

Now, unlike the sum in (2.4), which is taken over all
pairs of the monomers, the product in (2.5) is taken only
over the pairs of those monomers that are bonded or,
putting it in other words, over the edges of a graph G
characterizing the order in which the monomers are
connected to each other. Then the summation in (2.5)
is performed over all possible topologically different
states (graphs) G of the system under consideration.

Following Lifshitz,27 we replace the monomer coor-
dinates by their density, which enables us to represent
the partition function (2.2) as an integral over all
density distributions:

The free energy functional F(T,{F(r)}) appearing in (2.8)
is defined as the integral over those regions of the
configuration space that correspond to the density
distribution F(r):

where V({F(r)}) and S({F(r)}) are the potential interac-
tion energy and entropy of the system with a given
monomer density profile F(r). The entropy S({F(r)}) is
shown27 to play a role of Jacobian under replacing
integration in the configurational space in (2.2) by that
in the Hilbert space of the density profiles implied in
(2.8). Even though the latter is a rather tricky proce-
dure, within the saddle point (mean field) approxima-
tion, to which we restrict ourselves here, it is reduced
to minimization of the free energy functional:

Now, to calculate F(T,{F(r)}), we assume that the
following inequalities hold

(r0 being a characteristic scale of the pair monomer-
monomer potential V(r)) and split the whole volume V
of the system into ν ) V/l3 cubic cells of size l such that

Then a coarse-grained density distribution is defined
by fixing the numbers ni . 1 of the particles located in
the ith cell (i ) 1, ..., ν) and integration in the right-
hand side of the definition (2.9) is implied over the
displacements of all particles for which the numbers ni
stay fixed, which can be done in two stages. First one

integrates over the displacements, keeping all the
particles within the original cells and afterward over
those that lead to permutations of the particles between
the cells. Taking into account the factorization (2.3) and
the inequalities (2.12), one sees that the first stage of
this integration results in averaging of the repeatedly
changing at this stage factor f0(X) into a coarse-grained
functional. In turn, the factor fstr(X), which does not
change much at this stage, is averaged during the
second one. As a result, the total free energy of the
polymer systems splits into the sum of two statistically
independent addenda:

with the structural free energy and energetic term
defined as follows:

where F0 is the free energy of a simple liquid (the system
of broken units) whose particles interact via the same
potentials as the monomers do:

and Sid is just the entropy of the ideal gas of pointlike
particles:30

The origin of the factor Z/f! in (2.17) is due to the fact
that the monomers could be considered as the pointlike
particles only approximately. Indeed, because of having
f functional groups (FG) A, the monomers possess some
extra internal degrees of freedom to be integrated over
when calculating the total partition function. It is this
integrating which results in appearance of the factor Z
that should be divided by the symmetry index f! to allow
for identity of all the FG. In what follows we assume
that the contribution of the internal degrees of freedom
stays the same when one or more of the groups become
involved into the bonds and, therefore, skip the factor
Z. (More precisely, the corresponding changes are
supposed to be additive and included into the bond
function g(r) definition.)

Of course, the presented consideration by itself rather
explains than proves the additivity approximation (2.13)
that comes back to Flory2 and is now generally accepted
in polymer theory (e.g., it is used explicitly in refs 18-
21). But it is given here to elucidate, on a familiar

fstr(X) ) ∑
G

∏
G

g(|ri - rj|) (2.5)

g0 ) ∫g(r) dV ) k(T) (2.6)

a2 ) ∫r2g(r) dV/∫g(r) dV (2.7)

Z(V,T,N) ) ∫exp[-F(T,{F(r)})/T]δF(r) (2.8)

F(T,{F(r)}) ) -T ln((∫f(X) dX){P(r)}/N!) )

V({F(r)}) - TS({F(r)}) (2.9)

F(V,T,N) ) -T ln Z(V,T,N) ) min{F(r)}F(T,{F(r)})
(2.10)

a . r0, Fa3 . 1 (2.11)

r0 , l , a, Fl3 . 1 (2.12)

F(T,{F(r)}) ) -T ln[(∫dX f0(X)fstr(X)){F(r)}/N!] )

F*(T,{F(r)}) + Fstr(T,{F(r)}) (2.13)

Fstr(T,{F(r)})/T ) ln[(∫dX fstr(X)){F(r)}/N!] )

ln[(∑
G
∫dX∏

G

g(|ri - rj|)){F(r)}/N!] (2.14)

F*(T,{F(r)}) ) -T ln[(∫dX f0(X)){F(r)}/(∫dX){F(r)}] )

F0(T,{F(r)}) + TSid({F(r)}) (2.15)

F0(T,{F(r)}) ) -T ln(∫dX f0(X)){F(r)}/(λT
3NN!) ≈

∫f0(F(r),T) dV (2.16)

Sid({F(r)}) ) -T-1Fid({F(r)}) )
(∫dX){F(r)}

(λT
3NN!)

)

∏
i)1

i)ν [( l3

λT
3

Z

f!)ni 1

ni!] ) ∫F(r) ln( eZ

λT
3f!F(r)) dV (2.17)
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example, the ideas whose generalization will enable us
to calculate the structural free energy Fstr describing
the SGT and to find its singularities in what follows.

2.2. The Density Functional Description of the
Bond Formation. Let us, similarly to the Lifshitz
considerations above, split the whole volume V of the
system into ν ) V/l3 cubic cells of size l obeying the
inequalities

and define a coarse-grained density distribution by
fixing the numbers ni . 1 of the particles located in the
ith cell (i ) 1, ..., ν). Then the structural free energy
(2.14) corresponding to this density distribution can be
calculated as follows.

First, we specify for every cell a number ni
A of the

“active” FG A that do participate in formation of bonds.
In terms of the density functional description it corre-
sponds to fixing the distributions F(r) ) ni/l3and FA(r)
) ni

A/l3 with r corresponding to the center of the ith
cell. The distributions {FA(r)} and {F(r)} characterize a
macroscopic state of the system. Now, there are many
microscopic states with different partitioning of N ) ∑ni
monomers between the cells with the occupation num-
bers ni and fni of the FG located in the ith cell into ni

A

reacted (active) and fni - ni
A unreacted ones. Besides,

the active groups may be connected by labile bonds in
many ways (graphs G) for every macroscopic state. So,
we can write the desired free energy Fstr of the fully
equilibrium system with fixed {F(r)} in terms of the sum
over all its partially equilibrium states with fixed {FA-
(r)} and {F(r)}:

where Fstr({F(r)},{FA(r)}) is the free energy of the
partially equilibrium (with respect to all partitions of
the reacted groups and all ways to connect them into
clusters as described by graphs G) macroscopic state.
The last equality in (2.19) corresponds to the mean-field
approximation. In turn, for the free energy Fstr({F(r)},-
{FA(r)}) of the partially equilibrium state with {FA(r)},-
{F(r)} also holds an additivity approximation

This additivity is due to the fact that two averagings
corresponding to summing over different partitions,
resulting into the first term in (2.20), and different ways
to bond the active groups A, resulting into the second
one, are factored due to inequality (2.18). Now we
proceed to explicit calculation of these terms.

2.2.1. The Partitioning Free Energy and the
First Appearance of the Broken Monomer Identity
(BMI) Concept. We calculate here the term Fpart({F-
(r)},{FA(r)}) in two equivalent ways in order to enable
a reader to get the first clear idea of the BMI concept.

A. First, we find the number of all possible ways to
choose for every cell ni

A active groups among all fni
groups present in this cell. This number may be writ-
ten30 as follows:

where the local conversion is defined as the ratio of the
local reacted and all groups densities:

Next, we still are to allow for the conventional trans-
lational entropy of the monomers to which end we have
to integrate over their coordinates inside every cell. As
a result, we get the following final expression for the
partitioning free energy:

Substituting into (2.23) the formulas (2.17) and (2.21)
gives the desired explicit expression for the partitioning
free energy Fpart:

Thus, in (2.23) Fpart is defined as the sum of the
translational free energy of all monomers, without any
specifying of their structure, and that of the redistribu-
tion of all FG into the reacted and unreacted ones
(without specifying to which monomers these groups do
belong).

B. On the other hand, any fixed distribution of the
reacted FG induces a splitting of all monomers into
classes with respect to the number i (0 e i e f) of the
reacted FG the monomers have. Such a splitting is
characterized by the coarse-grained densities Fi(r) of the
monomers with i reacted groups. The monomers with
different values of i cannot be considered as identical
anymore. Thus, the total translational free energy for
a specified distribution {Fi(r)} can be written down as
the sum of the translational free energies for all classes
of monomers:

where the symmetry index i!(f - i)! allows for identity
of all i the reacted and f - i unreacted groups and
distinction between the reacted and unreacted groups.
The fact that the symmetry indices of the monomers
belonging to different classes are different suggests
treating them as different particles and considering the
monomer distribution over such classes as a breaking
of the monomer identity. For specified total densities of
all monomers and all reacted groups

fF . l-3 . a-3 (2.18)

Fstr({F(r)}) ) -T ln∫δFA(r) exp[-Fstr({F(r)},

{FA(r)})/T] ) min{FA(r)}Fstr({F(r)},{FA(r)}) (2.19)

Fstr({F(r)},{FA(r)}) )
Fpart({F(r)},{FA(r)}) + Fclust({FA(r)}) (2.20)

Wchoice ) ∏
i)1

i)ν (fni)!

(fni - ni
A)!ni

A!
)

exp(-
Fchoice({F(r)},{FA(r)})

T )
Fchoice({F(r)},{FA(r)}) ) f∫dV F(r)[Γ(r) ln Γ(r) +

(1 - Γ(r)) ln(1 - Γ(r))] (2.21)

Γ(r) ) FA(r)/(fF(r)) (2.22)

Fpart({F(r)},{FA(r)}) )

Fchoice({F(r)},{FA(r)}) - T ln((∫dX){F(r)}/N!)

) Fchoice({F(r)},{FA(r)}) - TSid({F(r)}) (2.23)

Fpart({F(r)},{FA(r)}) ) f∫dV F(r)[Γ(r) ln Γ(r) + (1 -

Γ(r)) ln(1 - Γ(r))] + ∫F(r) ln(λT
3f!F(r)/e) dV (2.24)

F̃part({Fi(r)}) ) T∑
i)0

i)f

(Fi(r) ln[Fi(r)λT
3(f - i)!i!/e]) (2.25)
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the equilibrium distribution {Fji(r)} is expected to mini-
mize the free energy (2.25) under the additional condi-
tions (3.2), thus giving the desired value of the parti-
tioning free energy:

Performing such a minimization gives

Substituting (2.28) into conditions (2.26), we get

which enables us to express the parameters z(r), Φ(r)
related to the Lagrange multipliers µ(r), λ(r) in terms
of the local monomer conversion and total density:

One can check readily by substituting (2.28) and (2.29)
into (2.27) that the presented procedure results precisely
in the expression (2.24) for Fpart and gives, in addition,
the values of the equilibrium densities of the monomers
having exactly i reacted groups:

Thus, the BMI concept gives an alternative way to treat
the free energy Fpart as the sum of the translational free
energies of the monomers partitioned over different
topological classes as well as to find the equilibrium
distribution over such classes. In this way the account
of the redistribution of all FG into the reacted and
unreacted ones is replaced by account of different
symmetry indices for different classes. Therewith, the
concentration dependence of the partitioning (2.28) (or,
putting it in other words, the monomer identity break-
ing) is gradual.

2.2.2. The Free Energy of the Bond Formation.
After a microscopic state is fixed by the numbers and
locations of the active groups in each cell, the free energy
Fclust and entropy Sclust corresponding to all possible
ways to connect the active groups by bonds are as
follows:

It is the contribution Fclust that contains the most
important information about the cluster formation and
structure and, in particular, about existence or absence
of any singularities in the weak gel behavior. To provide
necessary understanding of this contribution, we cal-
culate Fclust in every section from a new viewpoint, thus
gradually revealing more and more complicated struc-
ture of the IC of the reversible bonds.

First we calculate the functional Fclust without invok-
ing any idea of the IC structure. Indeed, the presented
considerations make sense also for a model system of
N dimers formed in the volume V via complete associa-
tion of 2N 1-functional monomers. For this system FA-
(r) ≡ F(r) so that Γ(r) ≡ 1 and the free energy of choice
(2.21) equals zero. Thus, we get

where Sbond is the entropy of the distribution of N bonds
between 2N groups A as a functional of the density
profile FA(r) of these groups. On the other hand, the
entropy S2({F(r)}) of the fully associated 1-functional
monomers as calculated straightforwardly by Erukhi-
movich25 is

where the function ψ(r) is implicitly determined by the
relationship

N is an irrelevant normalization constant and the
operator ĝψ is defined in the Appendix. It follows from
(2.17), (2.31), and (2.32) the desired expression for the
quantity Sbond:

Let us now apply the same considerations to a model
system of N bifunctional monomers A2 forming, via
complete association of the FG A, one polymer chain
filling the volume V. (A finite fraction of cycled chains
existing in such a system is known to be a small
quantity of the order O(1/(fFa3)). So, it is neglected in
our approximation assuming that the inequality (2.18)
holds.) The structural free energy and entropy of such
a system are

where

∑
i)0

i)f

Fi(r) ) F(r), ∑
i)0

i)f

iFi(r) ) FA(r) (2.26)

Fpart({F(r)},{FA(r)}) ) min{F̃part({Fi(r)}) +

∫(µ(r)[F(r) - ∑
i)0

f

Fi(r)] + λ(r)[FA(r) - ∑
i)0

f

iFi(r)]) dV}

(2.27)

Fi(r) ) z(r)[Φ(r)]i/(i!(f - i)!), z(r) ) λT
-3 exp[µ(r)],

Φ(r) ) exp[λ(r)] (2.28)

F(r) ) ∑
i)0

i)f

Fi(r) ) z(r)(1 + Φ(r))f/f!,

FA(r) ) ∑
i)0

i)f

iFi(r) ) z(r)Φ(r)(1 + Φ(r))f-1/(f - 1)!

Γ(r) ) FA(r)/(fF(r)) ) Φ(r)/(1 + Φ(r))
λ(r) ) ln[Γ(r)/(1 - Γ(r))]
z(r) ) f!F(r)(1 - Γ(r))f

µ(r) ) ln(FλT
3f!(1 - Γ)f) (2.29)

Fi(r) )
F(r)f!

i!(f - i)!
(Γ(r))i(1 - Γ(r))f-i, Γ(r) )

FA(r)

fF(r)
(2.28a)

Fclust({FA(r)}) ) -TSclust({FA(r)}),

Sclust({FA(r)}) ) ln(∑
G

∏
G

g(|ri - rj|)){FA(r)} (2.30)

F2({F(r)}) ) -TS2({F(r)}) )
-TSbond({F(r)}) + Fid({F(r)}) (2.31a)

Sbond({FA(r)}) ) ln( ∑
bonds distributions

∏
bonds

g(|ri - rj|))
{FA(r)}

(2.31b)

S2({F(r)}) ) 1/2∫dV F(r) ln((e/F(r))((ĝψ)(r)/ψ(r)))
(2.32a)

F(r) ) N ψ(r)ĝψ (2.32b)

Sbond({FA(r)}) ) S2({FA(r)}) - Sid({FA(r)}) )

∫FA(r)
2

ln(FA(r)
e

(ĝψ)(r)
ψ(r) ) dV (2.33)

F∞({F(r)}) ) -TS∞({F(r)}) )

-TSbond
(∞) ({F(r)}) + Fid({F(r)}) (2.34a)

Macromolecules, Vol. 34, No. 16, 2001 Thermoreversible Gels 5657



is the entropy of the distribution of N bonds between N
monomers A2 as a functional of the density profile F(r)
of the monomers.

On the other hand, the entropy S∞({F(r)}) corresponds
to the number of all ways to locate N monomers A2 in
the volume V and connect them with bonds A-A into
one (infinite in the thermodynamic limit N, V f ∞, F )
N/V ) constant) chain. Putting it in other words, it is
nothing but the entropy corresponding to the number
of all ways to fill the space with such infinite chain
whose monomers density profile is F(r). The expression
for the latter entropy, found by Lifshitz,27 reads

where the functions F(r) and ψ(r) also obey the relation-
ship (2.32b). The bonding entropy Sbond

(∞) ({F(r)}) found
from (2.17), (2.34), and (2.35) is

Comparison of the expressions (2.33) and (2.36) shows
that the bonding entropy is the same, within the coarse-
grain density functional description, either when the
groups A are separated, as in (2.33), or coupled into
monomers A2, as in (2.36). We conclude that the entropy
of the distribution of N bonds between 2N groups A is
a functional of the total group A density FA(r) only and
does not depend on the distribution of the groups
between monomers. For uniform monomer and reacted
group densities distributions (F(r) ) F, FA(r) ) FA) this
entropy reads

(Here and henceforth we designate the specific (per unit
volume) quantities that are some functions of the
average densities by italics unlike the corresponding
functionals including an integration over the whole
volume V of the system we have used until now and
designated by the same straight letters.)

2.3. Flory-like Density Functional Description
of the Weak Gels. Now, using (2.17), (2.20), (2.24), and
(2.37), we can write the expression (2.20) for the specific
virtual structural free energy of the system of f-
functional monomers Af as follows:

Taking into account the definition (2.22) of the
conversion Γ and minimizing the rhs of the expression
(2.38) with respect to FA, as prescribed in (2.19), we get
the MAL

and the expression for the specific structural free
energy:

We introduced here the reduced density F̃tot of all FG
and bonding free energy per one FG

where the function Γ(F̃tot) is determined by the MAL
(2.39).

At last, the expression for the weak gel pressure
follows after substituting (2.40) into (2.13) and dif-
ferentiating over the volume:

where νbond is the number of bonds per unit volume and
P0(F,T) is the pressure of the system of broken units.
Equation 2.41 has very clear physical meaning: forma-
tion of every new bond decreases the number of the
translational degrees of freedom by unity. As to our
knowledge, the expressions (2.40) and (2.41) were
presented first in refs 26 and 31, respectively, under
studying cross-linking of polymer chains and general-
ized12 for the system of Af monomers with an arbitrary
f g 3. Later, they were rederived18-21 and related to the
Flory approach.21,25

We see that the course-grained density functional
description12,25 reviewed in this section leads precisely
to the later results of Semenov and Rubinstein.21

However, the expressions (2.40) and (2.41) that deter-
mine the thermodynamic behavior of the weak gels give
no idea of the gel structure for different values of the
conversion Γ. The only thermodynamic indication of the
sol-gel transition in these systems is that for the ideal
weak gels, where P0(F,T) ) TF, the compressibility
calculated with due regard for the MAL (2.39) reads

Thus, the ideal weak gels are thermodynamically un-
stable if the Flory-Stockmayer condition

holds (Γc is the value of the conversion at the sol-gel
threshold).

But even this indication disappears if a potential
interaction between the monomers is included (such an
interaction would modify the F dependence of the
pressure P0(F,T) and, accordingly, shift the value of the
critical (as to instability) conversion Γ from Γc). Thus,
to be able to distinguish the sol and gel phases as well
as determine their structures, one needs a more detailed
and sophisticated description we present in the next
section via the broken monomer identity (BMI) concept.

3. The BMI Concept and the Structured Density
Functional Description of the Gel Fraction in
Stockmayer and Flory Models

3.1. The Description of the Gel Fraction Struc-
ture. When we first applied the BMI concept to calcu-

Γ/(1 - Γ)2 ) F̃tot ) fg0F (2.39)

Fstr(F,T) ) V min{FA}Fstr(F,FA,T) )

VFid(F,T) + fNFFlory(F̃tot,T) (2.40)

FFlory(F̃tot,T) ) T[(Γ/2) + ln(1 - Γ)] (2.40a)

P(F,T) ) P0(F,T) - fFΓ/2 ) P0(F,T) - Tνbond (2.41)

T(∂F/∂Pid
gel)T ) (1 + Γ)/[1 - (f - 1)Γ] (2.42)

Γ > Γc ) (f - 1)-1 (2.43)

Sbond
(∞) ({F(r)}) )

ln( ∑
all infinite chains connecting

the points r1,..,rN

∏
an infinite chain
via points r1,..,rN

g(|ri - rj|))
{FA(r)}

(2.34b)

S∞ ({F(r)}) ) ∫dV F(r) ln(ĝψ/ψ) (2.35)

Sbond
(∞) ({F(r)}) ) (S∞({F(r)}) - Sid({F(r)})) )

∫dV F(r) ln(2F(r)(ĝψ)(r)/[eψ(r)]) )
1/2∫dV F(r) ln((F(r)/e)((ĝψ)(r)/ψ(r))) (2.36)

Sbond(FA(r))|FA(r))FA)const ) VSbond(FA),

Sbond(FA) ) FA ln(g0FA/e)/2 (2.37)

Fstr(F,FA) ) Fpart(F,FA) - TSid(F) ) T{fF[Γ ln Γ +

(1 - Γ) ln(1 - Γ)] + F ln(λT
3f!F/e) - (FA/2) ln(g0FA/e)}

(2.38)

5658 Erukhimovich et al. Macromolecules, Vol. 34, No. 16, 2001



late Fpart in subsection 2.2.1, the partitioning of the
monomers into different topological classes was quite
trivial. Now, to step further we address a more compli-
cated problem: how is it possible to find, within the
coarse-grained density functional description, any dif-
ference between the monomers belonging to the sol and
gel fractions, respectively?

A nontrivial procedure to implement this possibility
is as follows. We choose a finite cell (called further
window) of a size L and scan all the clusters of chemical
bonds A-A that are located within the window. If such
a cluster is completely confined to the window, it
belongs, evidently, just by definition, to the sol fraction,
and we color all the bonds, belonging to such a finite
cluster, red. In the opposite case some of the chemical
bonds overstep the window boundaries. If there is a
connected trail of the bonds linking two “overstepping”
bonds, we refer to all the bonds belonging to such a trail
as bilateral and color them blue. The rest of the bonds
located in the window (neither red nor blue) belong to
the trails terminated by an unreacted group (dead end)
from one side and a blue trail of bonds or boundary of
the window from another one. We refer to these bonds
as unilateral, color them yellow, and, besides, amend

them by arrows directed toward dead ends (see Figure
2). Now, let the size L of the window be increasing.
Then, in the larger windows, some of the initially blue
and yellow bonds may turn out to belong to a finite
cluster; thus, they should be recolored red. Thus, as L
increases, the amount of the bi- and unilateral (blue and
yellow) bonds decreases. If it reaches zero, which means
that only red (sol) bonds remain in the limit L f ∞, we
say that the system is in the sol phase. In the opposite
case, when the fraction of the blue and yellow bonds
approaches a finite value even in the limit L f ∞, one
cannot help but refer to these bonds as those belonging
to the infinite cluster (IC). Then we say that the system
is in the gel phase, the finite clusters of red bonds
forming sol fraction and all other ones belonging to gel
fraction. (For the clusters of labile bonds the described
coloring procedure should be done using instant snap-
shots of the clusters.) Following Flory and Stockmayer,
we assume also in this section that, however large the
size L of the window is, any cluster confined to the
window has a treelike structure and does not contain
any cycles (closed trails of the bonds).

Now, all the monomers belonging to finite clusters of
the sol fraction can be considered as identical in the
sense that all of them are involved into finite trails of
bonds only. The monomers that belong to sol fraction
and their FG are further called Sf monomers and S
groups, respectively. On the contrary, the monomers
and FG that belong to the IC can be further differenti-
ated.

The FG that form a blue bond are, evidently, indis-
tinguishable. We call them I groups to indicate that they
generate the infinite trails. On the contrary, the FG that
form a yellow bond differ both from the I groups and
each other. The groups, that are starting points of the
trails terminated by dead ends, and those terminated
by blue trails will be called D and D+ groups, respec-
tively (see incoming and outgoing yellow arrows in
Figure 3b,c). The unreacted FG are included to the D
groups. Thus, all the D+ groups are involved in the
bonds just by definition and thus had reacted, the
numbers of the D+ groups and the D groups forming
the yellow bonds D-D+ being the same, whereas a part
of the D groups stays unreacted. To describe this fact,
we introduce the conversion ΓD of the D groups as
follows:

where the densities FD and FD+ of the corresponding
groups are introduced.

Thus, we defined three topological types of the FG (I,
D, and D+) and two types of chemical bonds (blue I-I
and yellow D-D+) that belong to the IC. Accordingly,
there are only the following topological types of the IC
monomers (see Figure 3): (1) the “dangling” monomers
D+Df-1 forming a fringe hanging from the IC backbone

Figure 2. Typical finite fragment of the gel phase with the
proper coloration of FG and monomers induced by the mono-
mer identity breaking as consistent with the Flory model of
gel formed of A3 monomers.

Figure 3. Full list of the monomer coloration types for f ) 3: (a) S3 (sol), (b) D+D2 (dangling), (c) DI2 (backbone), (d) I3 (tree
junction), (e) DC2 (mesocycle backbone), (f) IC2 (mesocycle-tree junction), and (g) C3 (mesocycle junction) monomers. The
Stockmayer, Flory, IEA, and FEA of the mesocycled gel model take into account (a-c), (a-d), (a-f), and (a-g) types, respectively.

FDΓD ) FD+ (3.1)
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(all the bonds adjacent to such monomers are yellow);
(2) the backbone monomers I2Df-2; and (3) the junction
monomers InDf-n with 3 e n e f (exactly n of the bonds
adjacent to such monomers are blue). Thus, the quan-
titative description of the gel fraction structure is
provided by the distribution of the average numbers per
unit volume F1 of the dangling monomers, F2 of backbone
ones with 2 blue bonds, and Fn of the junction monomers
with n blue bonds.

Now, before proceeding to quantitative treatment of
the classic Flory and Stockmayer gel models, we notice
that the presented definitions of the monomer and group
densities entail the following relationships between
them:

where Fg and FI are respectively the density of all
monomers belonging to the gel fraction and I groups.

It is also useful to calculate the conversion ΓIC of the
IC in terms of the distribution {Fi}. To this end we notice
that the density of all reacted groups belonging to the
gel fraction is

Therefore, the desired conversion ΓIC can be written as
follows:

On the other hand, the conversion of a treelike cluster
consisting of n monomers and, thus, (n - 1) bonds is Γn

) 2(n - 1)/(fn). Therefore, introducing Γ∞
tree ) limnf∞

Γn
tree ) 2/f, one can rewrite (3.4) as follows:

3.2. The Structured Density Functional Descrip-
tion for the Stockmayer-Tanaka (ST) Gel Model.
It follows from (3.5) that in the absence of the junction
monomers (Fi ) 0 for i > 2) the conversion of the IC
would equal precisely the value of that for the infinite
treelike cluster and thus fit the Stockmayer conjecture
ΓIC ) Γ∞

tree. Thus, it is natural to identify the ST gel
model with the assumption that the only topological
types of the monomers present in the weak gels are sol
and dangling ones as well as the backbone monomers
I2Df-2. Similar to the treatment in subsection 2.2.3, the
desired structural free energy Fstr(F) of such a system
reads

where the total densities Fs and Fg of the monomers
belonging to the sol and gel fractions, respectively,
satisfy condition of the fixed total density of the weak
gel:

the desired equilibrium value of the gel fraction density
Fg being found as the root of the corresponding extremal
equation:

where the structural contributions into chemical poten-
tials of the monomers pertaining to sol and gel fractions
are introduced. As consistent with (2.37), we have for
the structural free energy of the sol fraction in (3.6):

where Fs
A ) fFΓs,

and minimization in (3.9) is to be done with respect to
the density Fs

A of the reacted S groups or, which is the
same, the sol conversion Γs. As a result, we get

where the function FFlory is determined by expression
(2.40a) and

In turn, the structural free energy of the gel-fraction in
(3.6) is defined as follows:

where

The first two terms in (3.13) are the free energies of the
ideal gases for the dangling and backbone monomers
with due regard for their symmetry indices. The next
two terms are the free energies of forming the directed
yellow bonds and symmetric blue ones given by (A8) and
(2.36), respectively. The last term is the free energy of
choice of the active D groups between all of them. (All
D+ and I groups are active by definition, thus giving no
extra free energy of their choice.) Minimization in (3.13)
is to be done with respect to the dangling groups’

FD+ ) F1, FD ) ∑
i)1

i)f

(f - i)Fi, Fg ) ∑
i)1

f

Fi, FI ) ∑
i)2

f

iFi

(3.2)

Fg
A ) FI + FD+ + FDΓD ) 2F1 + ∑

2

f

iFi (3.3)

ΓIC ) Fg
A/(fFg) ) (2/f) + ∑

3

f

(i - 2)Fi/(fFg) (3.4)

ΓIC ) Γ∞
tree + ∑

3

f

(i - 2)Fi/(f∑
1

f

Fi) (3.5)

Fstr(F)/V ) min Fstr(F,Fg),

Fstr(F,Fg) ) Fstr
s (Fs) + Fstr

g (Fg) (3.6)

Fs + Fg ) F (3.7)

∂Fstr(F,Fg)
∂Fg

)
∂Fstr

g (Fg)
∂Fg

-
∂Fstr

s (Fs)
∂Fs

|Fs)F-Fg
)

µstr
g - µstr

s ) 0 (3.8)

Fstr
s (Fs) ) min Fstr

s (Fs,Fs
A) (3.9)

Fstr
s (Fs,Fs

A)
T

) Fs ln
f!FsλT

3

e
+ fFs(Γs ln Γs +

(1 - Γs) ln(1 - Γs)) -
Fs

A

2
ln

Fs
Ag0

e
(3.10)

Γs/(1 - Γs)
2 ) F̃tot

s ) fg0Fs (3.11a)

Fstr
s (Fs)/T ) Fs ln[f!FsλT

3/e] + g0
-1FFlory(F̃tot

s ) (3.11b)

∂Fstr
s (Fs)/∂Fs ) µstr

s ) T{ln Γs + (f - 2) ln(1 - Γs) +

ln[(f - 1)!λT
3/g0]} ) µid

s (Fs) + fT ln(1 - Γs) (3.11c)

Fstr
g (Fg) ) min Fstr

g (F1,F2,ΓD) (3.12)

Fstr
g (F1,F2,ΓD)/T ) F1ln

(f - 1)!F1λT
3

e
+

F2 ln
2(f - 2)!F2λT

3

e
- F1 ln

F1g0

e
- F2 ln

2F2g0

e
+

FD(ΓD ln ΓD + (1 - ΓD) ln(1 - ΓD)) (3.13)
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conversion ΓD and both densities of the dangling and
backbone monomers under the additional conditions
(3.2).

Now, rewriting one of the relationships (3.2) for the
considered Stockmayer model in the form

and substituting (3.2) and (3.14) into (3.1), we get the
expression for the D groups conversion:

Inverting (3.15) gives the relevant densities

and substituting (3.16) into (3.13) reduces the structural
free energy of gel to

At last, minimizing (3.17) with respect to ΓD, we get

One can readily check now by substituting (3.11c) and
(3.18c) into the equation of extremum (3.8) that the only
solution of this equation determining the equilibrium
amount of the sol fraction and the corresponding sol
conversion takes the following values:

which means that the state of the sol fraction stays
critical and does not change with increase of the total
monomer density above the sol-gel threshold (i.e., for
F > Fc). Moreover, combining (3.11c) and (3.18c), we see
that the ideal weak gel chemical potential µstr mono-
tonically increases with the total density F increase until
the sol-gel threshold and stays constant above the
threshold. As consistent with (3.11c) and (3.18c), the
first derivative of µstr with respect to F equals zero for F
) Fc ( ε, ε f 0, thus providing continuity of this
derivative either. So, it is only the second derivative of
µstr (and, thus, the third one of the structural free energy
Fstr(F)) that jumps when the gel fraction appears.
Therefore, within the considered approximation the SGT
turns out to be the third-order phase transition.

To find the final expression for the total specific
structural free energy of the gel phase within the ST
approximation, we substitute the expression (3.11b) for
the free energy of sol fraction at sol-gel threshold and
(3.18b) for that of gel fraction into (3.6) which gives

Thus, on the basis of the only assumption that no
junction monomers are present in the strictly treelike
thermodynamically equilibrium IC, we managed to
derive all the results usually supposed to be the Stock-
mayer conjectures only. These results, however, are
unstable with respect to including of the junction
monomers into consideration.

3.3. The Structured Density Functional Descrip-
tion for the Flory Gel Model. Indeed, admit now that
all topological types of the treelike IC monomers (not
only the dangling and backbone ones but also the
junction monomers) are present in the IC in the frac-
tions consistent with conditions of the thermodynamic
equilibrium. Then, as consistent with (3.5), ΓIC > Γ∞

tree

which is quite natural: it is just in the junction
monomers where the infinite trails coming from infinity
meet thus forming a cycle.

The desired structural free energy Fstr(F) of such a
system can be written as follows:

with

where the first term is the sum of the free energies of
the ideal monomers of all classes with i ) 0, 1, and 2
corresponding to the sol, dangling, and backbone mono-
mers, respectively, and i > 2 to the junction ones (with
due regard for their symmetry indices). The second and
third terms in (3.22) are the free energy of choice of the
reacted sol groups and that of formation of bonds
between them, respectively. The next term is the free
energy of choice of the reacted D groups. The last two
terms are the free energies of formation of D-D+

(yellow) and I-I (blue) bonds, respectively, and the
minimum in (3.21) is to be found with due regard for
the definitions (3.1), (3.2), and condition of fixed total
density of all monomers

the sol monomer density being designated as F0. To find
the desired conditional minimum of the function (3.21),
we find, following Lagrange, the unconditional mini-

FD ) (f - 1)F1 + (f - 2)F2 (3.14)

ΓD ) [f - 1 + (F2/F1)(f - 2)]-1 (3.15)

F1 ) Fg(f - 2)ΓD/(1 - ΓD),
F2 ) Fg[1 - (f - 1)ΓD]/(1 - ΓD),

FD ) Fg(f - 2)/(1 - ΓD) (3.16)

Fstr
g (F1,F2,ΓD)/T ) Fg(f - 2){[ΓD/(1 - ΓD)] ln[ΓD(f -

1)] + ln(1 - ΓD)} + Fg ln[(f - 2)!λT
3/g0] (3.17)

ΓD ) (f - 1)-1, F2 ) 0 (3.18a)

Fstr
g (Fg)/T ) Fg(f - 2) ln[(f - 2)/(f - 1)] +

ln[(f - 2)!λT
3/g0] (3.18b)

µstr
g (Fg) ) ∂Fstr

g (Fg)/∂Fg ) T{(f - 2) ln[(f - 2)/(f - 1)] +

ln[(f - 2)!λT
3/g0]} (3.18c)

Fs ) Fc ) (f - 1)/[fg0(f - 2)2], Γs
c ) ΓD ) (f - 1)-1,

Fg ) F - Fc (3.19)

Fstr(F,T) ) VFid(F,T) + fNFFlory(F̃tot),

Γ e Γc ) (f - 1)-1

) VFid(F,T) + fNFStockmayer(F̃tot), Γ g Γc (3.20a)

FStockmayer

T
) 1

f((f - 2) ln f - 2
f - 1

+ ln
eΓc

F̃tot
) -

F̃tot
-1

2f(f - 2)
(3.20b)

Fstr(F)/V ) min Fstr({Fi},Γs,ΓD,FD,FI) (3.21)

Fstr({Fi},Γs,ΓD,FD,FI)

T
) ∑

i)0

f

Fi ln
(f - i)!i!FiλT

3

e
+

fF0(Γs ln Γs + (1 - Γs) ln(1 - Γs)) -
fF0Γs

2
ln

fF0Γsg0

e
+

FD(ΓD ln ΓD + (1 - ΓD) ln(1 - ΓD)) - F1 ln
F1g0

e
-

FI

2
ln

FIg0

e
(3.22)

F ) Fg + Fs ) ∑
i)0

f

Fi (3.23)
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mum of the function

where µ, ν, and λ are the Lagrange multipliers to be
determined by substituting the extremal values of the
structural parameters {Fi},Γs, and FD into auxiliary
conditions (3.2) and (3.23), the condition (3.1) being used
already to replace the parameter ΓD in the function
(3.24) by FD.

As usual, to find a minimum (generally, extremum)
of the function F̂str({Fi},Γs,FD), one should take its
derivatives with respect to all independent variables
and set them equal to zero. The resulting simultaneous
extremal equations determine the equilibrium value of
all the relevant structural variables of weak gels within
the Flory model. Introducing parameters Ψ ) exp λ, z
) λT

-3 exp µ, Φ ) exp ν, and new variables reduced by
the factor g0 and marked with a wave (e.g., x̃ ) g0x), we
can write these equations as follows (the derivatives
they are obtained from being also indicated):

Two important relationships we use below follow from
(3.26) and (3.27):

Now, for the density FI of all blue (I-I) bonds there is
the extremal equation

and an equation stemming just from the definition of
the density FI:

Excluding F̃I from (3.30) and (3.31), we get

Rewriting eq 3.32 with use of (3.29) in the form

we see that the quantities Φ and Φ + Ψ are just two
positive roots of eq 3.29, Φ being the least one, thus

determining both Φ and Φ + Ψ as some functions of z̃.
As we show below, this result is just rearrangement of
the Flory rule concerning total conversion of the gel
phase and that of sol fraction.

To check this assertion, we introduce the density Fb
of finite (yellow) branches hanging from the blue trails:

where we used eqs 3.28 and 3.32 to get the last of eqs
3.34 that, jointly with definitions

gives the expressions for the densities F1 and FD of the
dangling monomers and all D groups:

Summing up the densities of all groups belonging to gel
fraction and dividing it by monomer functionality f, we
get the total density of the monomers belonging to gel
fraction:

and that of the unreacted groups belonging to gel
fraction (from (3.26), (3.32), and (3.37)):

To complete, we still are to consider the extremal
equations describing equilibrium within the sol fraction:

Excluding from eqs 3.40 and 3.41 the sol monomer
density, we get the equation (somewhat rearranged eq
3.12c) that determines sol conversion as a function of z̃.

Comparing eqs 3.28, 3.32, 3.40, and 3.41, we arrive at
the equations

To complete our derivation, we calculate the total

F̃b ) ∑
i)2

f

(f - i)F̃i )

z̃Φ
[(Φ + Ψ)f-1 - Φf-1 - (f - 1)ΨΦf-2]

(f - 1)!
)

ΦΨ[1 - (f - 1)ΓD] (3.34)

FD ) F1/ΓD ) Fb + (f - 1)F1 (3.35)

F̃1 ) (Φ - 1)Ψ ) z̃ΨΦf-1/(f - 1)! (3.36)

F̃D ) ΦΨ (3.37)

F̃g ) (F̃I + F̃b + fF̃1)/f ) z̃[(Φ + Ψ)f - Φf]/f! (3.38)

F̃un
g ) F̃D(1 - ΓD) ) Ψ ) z̃[(Φ + Ψ)f-1 - Φf-1]/(f - 1)!

(3.39)

∂F̂str/∂Γs ) 0 f Γs/(1 - Γs)
2 ) fF̃0 (3.40)

∂F̂str/∂F0 ) 0 f F̃0 ) z̃(1 - Γs)
-f/f! (3.41)

z̃(1 - Γs)
2-f/(f - 1)! ) Γs or

(1 - Γs)
-1 - 1 ) z̃[(1 - Γs)

-1]f-1/(f - 1)! (3.42)

Φ ) (1 - Γs)
-1 (3.43a)

Γs ) (Φ - 1)/Φ ) ΓD (3.43b)

F̃0 ) z̃Φf/f! (3.43c)

F̂str({Fi},Γs,FD,µ,ν,λ)/T ) ∑
i)0

f

Fi ln[(f - i)!i!FiλT
3/e] +

fF0(Γs ln Γs + (1 - Γs) ln(1 - Γs)) -

(fF0Γs/2) ln(fF0Γsg0/e) + µ(F - ∑
i)1

f

Fi) + λ(FI - ∑
i)2

f

iFi) +

ν(FD - ∑
i)1

f

(f - i)Fi) - F1 ln
F1g0

e
-

FI

2
ln

FIg0

e
+

F1 ln F1 + (FD - F1) ln(FD - F1) - FD ln FD (3.24)

∂F̂str/∂Fi>1 ) 0 f F̃i>1 ) z̃Φf-iΨi/[i!(f - i)!] (3.25)

∂F̂str/∂FD ) 0 f Φ ) FD/(FD - F1) f ΓD ) F1/FD )
(Φ - 1)/Φ (3.26)

∂F̂str/∂F1 ) 0 f F̃1ΓD ) z̃F̃1(1 - ΓD)Φf-1/(f - 1)! (3.27)

ΓD ) z̃Φf-2/(f - 1)! (3.28)

W(Φ) ) Φ - 1 - z̃Φf-1/(f - 1)! ) 0 (3.29)

∂F̂str/∂FI ) 0 f Ψ2 ) F̃I (3.30)

F̃I ) ∑
i)2

f

iF̃i ) z̃Ψ[(Φ + Ψ)f-1 - Φf-1]/(f - 1)! (3.31)

Ψ ) z̃[(Φ + Ψ)f-1 - Φf-1]/(f - 1)! (3.32)

W(Ψ + Φ) ) W(Φ) ) 0 (3.33)
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monomer density and conversion in the gel phase:

It follows from eqs 3.29, 3.33, 3.44, and 3.45 that the
total conversion still obeys the MAL with respect to the
total monomer density in gel phase:

and is related to sol fraction (or dangling monomers)
conversion by the Flory rule

Besides, the parameter Ψ, which characterizes the
distribution of the IC monomers as consistent with
(3.25), (3.36), and (3.37), can be expressed in terms of
both conversions as follows:

It follows from (3.47) that the order parameter Ψ
monotonically increases from zero value when the total
conversion and, thus, the total monomer density of the
gel phase increase.

At last, substituting all the structural characteristics
into (3.24), one can check that almost all terms cancel
each other, and the final expression for the weak gel
free energy takes the form

where the chemical potential µ ) T ln z defined, as
consistent with (3.44) and (3.45), as follows:

Substituting (3.49) into (3.48), we finally return to
expression (2.40) we derived in section 2 via the simpler
(unstructured) version of the density functional descrip-
tion:

Summarizing, we demonstrated in this section that the
broken monomer identity concept, as visualized via the
coloring procedure described above, can be made fully
consistent with both commonly known classic models
of gelation assuming that within any however large but
finite window the IC cluster structure is treelike.
Moreover, it is our approach which gives a natural
solution of the old problem which model describes the
thermoreversible (weak) gelation better: evidently, it
would be that model whose free energy is lower. Now,
as we just have shown, within the Stockmayer model
some relevant structural variables (the junction mono-
mer densities Fi, i > 2) are disregarded and arbitrarily
equaled to zero, whereas within the Flory model these

variables take certain finite values as found via mini-
mization of the free energy. We conclude that the Flory
model has the lower free energy and is, therefore, more
adequate than ST model (the corresponding plots are
presented in section 5).

At this point we encounter an entirely new problem.
Does the Flory description, indeed, take into account
all the relevant structural parameters of the IC? Or are
there some new structural parameters, whose account
would enable us still to diminish the equilibrium free
energy as compared to the Flory one? This problem was
first addressed by Erukhimovich25 and solved, in a
consistent postgel mean-field approximation, in ref 29.
In the next section we present the more detailed
consideration of this problem via the BMI concept.

4. The BMI Concept and the Structured Density
Functional Description of the IC Including
Mesoscopic Cycles

4.1. The Density Functional Description of the
Mesoscopically Cycled IC. The starting point for our
analysis in this section is the seemingly trivial fact that
an infinite cluster without cycles, unlike a finite treelike
cluster, cannot be embedded into 3D space. In the more
quantitative terms, it follows from the fact that the
perturbation corrections to the mean-field Flory ap-
proximation, i.e., the contributions into the structural
free energy due to complicated cyclic fragments, are
characterized24,25 by the cyclization parameter

This parameter diverges at the classic sol-gel threshold,
and therefore, the cyclization effects become dominant
in a close vicinity of the threshold and can be expected
to be dominating in the gel fraction. Putting it in other
words, the structure of the IC still can be represented
as Cayley tree on fairly large scales. However, the IC
includes not only the “bare” vertexes of the nth order,
1 e n e f, but also the peculiar “effective” vertexes
of arbitrary order and complexity having form of 1-
irreducible blocks depicted in Figure 1d.

Such a description of the IC structure24,25 is somewhat
similar to the droplet model of the infinite cluster.32,33

Unlike the latter, however, we focus our attention,
instead of the self-similar structure of the 1-irreducible
blocks, on the possibility to distinguish between the
“internal” bonds, from which these blocks are con-
structed, and “external” ones, that join blocks into an
effective Cayley tree. To make such a distinction, we
adopt a new sort of the coloring procedure as follows.

First, we choose a finite window and color all the
bonds A-A within that window yellow, red, and blue
as described in the previous section but the following
distinction. If a bond between two groups belongs to, at
least, one closed trail of bonds confined to the window,
we color it green and call C-C bond to indicate that it
belongs to cyclic fragments of the IC (see Figure 4a).
As the size of the window is increased, some of the
initially blue bonds turn out, at fairly large scales L, to
belong to a closed path and should be recolored green.
Thus, as L increases, the fraction of green groups grows
and reaches a certain limiting value in the limit L f ∞
when all the “internal” bonds are colored green and the

κ ) (fFa3)-1(Γ/Γc)
3/(1 - Γ/Γc)

3/2 (4.1)

F̃ ) F̃g + F̃s ) z̃(Φ + Ψ)f/f! (3.44)

1 - Γ ) (F̃un
s + F̃un

g )/(fF̃) ) (F̃s(1 - Γs) + F̃un
g )/(fF̃) )

(Φ + Ψ)-1 (3.45)

Γ/(1 - Γ)2 ) fF̃

Γs(1 - Γs)
f-2 ) Γ(1 - Γ)f-2 ) z̃/(f - 1)! (3.46)

Ψ ) (1 - Γ)-1 - (1 - Γs)
-1 f Ψ ) 0,

Γ < Γc ) (f - 1)-1

f Ψ > 0, Γ > Γc (3.47)

Fstr(F)/VT ) F(µ/T) - F + fFΓ/2 (3.48)

µ ) T[ln(Ff!) + f ln(1 - Γ)] (3.49)

Fstr(F,T) ) VFid(F,T) + TfN[(Γ/2) + ln(1 - Γ)]
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“external” bonds of the IC are colored blue, yellow, or
red as explained in the previous section.

The coloration procedure just described does not alter
the statistical weights and symmetry indices of the
various diagram realizations of the structure of the
infinite cluster. But it is very important for implement-
ing an approximate “mean-field” summation of the
complex cycled fragment contributions to the structural
term Fstr that in many respects is similar to calculation
of the high-order diagram contributions to the Gell-
Mann-Low function.34

Indeed, as shown in ref 25, when the first of conditions
(2.18) holds, the typical blocks determining the IC
structure are the “bare” vertexes (Figure 1a) and very
complicated blocks. (Figure 1d gives a rather rough idea
about such blocks structuring and composing into larger
fragments.) Therewith, the contribution of compara-
tively simple cyclic blocks (like those shown in Figure
1b,c) can be neglected. But if we consider only a part of
a large complicated cluster confined to a window large
as compared to the bond length l but small in compari-
son to the size of the whole block (see Figure 4a), this
part can appear as a Cayley tree. The true topology of
such a quasi-Cayley tree (its inclusion in the system of
closed trails of bonds) is intimated, as shown in Figure
4c, by a local coloring which indicates the number i of
green groups belonging to each monomer in an assigned
realization of the infinite cluster. Note that i runs
through all integer values in the range 0 e i e f except
for i ) 1 (a monomer cannot be included into a closed
path via only one group).

The next step is to assume that an adequate evalu-
ation of the total structural free energy Fstr for the weak
gels could be achieved just via calculation of those
contributions that correspond to the formation and all
possible recombinations of the bonds within windows
of not too large size (less than a typical size of the
complicated cycled fragment) followed by summation of
these contributions. Of course, the effects caused by the
correlation of the structure of neighboring windows (i.e.,
the hierarchical structure of the blocks) are ignored
within such a “mean-field” description of the infinite
cluster, but in return, we can take into account the
effects that are caused by the difference between
“internal” and “external” bonds described above.

Indeed, the fact itself that a trail of bonds is closed
(even somewhere far beyond the window under consid-
eration) alters the combinatorial weight of this trail (the
number of different ways to form it). It is this change
in combinatorial behavior which is taken into account,
at the level of the coarse-grained density functional
description, by considering vertexes (monomers) of
different colors and corresponding altering their sym-
metry index, as seen when comparing the coloration of
the same quasi-Cayley tree corresponding to the Flory
and mesoscopic cyclization (MC) models.

More precisely, there are three types of chemical
bonds (green C-C, blue I-I, and yellow D-D+) that
belong to the IC. Accordingly, there are only the
following topological types of the IC monomers (see
Figure 3): (1) the dangling monomers D+Df-1 that form
a fringe hanging from the IC backbone (all the bonds
adjacent to such monomers are yellow), (2) the mono-
mers CmDf-m with 2 e m e f that belong to the cycled
fragments of the IC (m bonds adjacent to such mono-
mers are green and the rest of them are yellow), (3) the

Figure 4. Visualization of the BMI concept for the MC
models. (a, top) A typical finite fragment of the gel phase with
the proper coloration of FG and monomers induced by the
monomer identity breaking. A considerable number of small
and simple cycles seen here are due to the fact that the
condition ε ) (fFa3)-1 , 1 cannot be satisfied in the 2D space.
(b, middle; c, bottom) The different colorations of a smaller IC
fragment (delineated by the dashed rectangle in (a)) as
consistent with the Flory and MC models, respectively.
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monomers ImDf-m with 2 e m e f that belong to the
treelike fragments of the IC (m bonds adjacent to such
monomers are blue and the rest of them are yellow),
and (4) the junction monomers CnImDf-m-n (with n g 2,
m g 1, n + m e f) that implant the mesoscopic cycles
into the infinite cluster.

Thus, within the BMI concept-based structured den-
sity functional description, first we determine a state
of the system quantitatively by fixing the average
numbers per unit volume of the dangling monomers F1,
those with n green and m blue bonds Fn,m and sol
monomers F0.

Next, we calculate the combinatorial contributions to
the free energy for such a fixed structured densities
distribution and, finally, determine the thermodynami-
cally equilibrium values of these densities requiring that
the total free energy should be minimal with respect to
the latter. If such a minimization would result in zero
total density FC of the bonds belonging to the closed
trails (as it happened to F2 within the ST model), we
would prove that no extra structural parameters im-
prove the density functional description provided by the
Flory model. However, it is not the case and the
thermodynamically equilibrium value of FC turns out
to be finite.25,29 This fact changes the conventional
picture of sol-gel transition drastically. In the rest of
this section we present a new derivation of the struc-
tural free energy of weak gels including also descrip-
tion of the structure of the mesoscopically cycled weak
gels.

As evident from the preceding discussion, the desired
structural free energy of weak gels, with due regard for
MC effects, takes the following form:

where we introduced a specific structural free energy
Fstr(F,FC) for a partially equilibrium state of weak gel
with a fixed value FC of the green groups density. It is
defined as follows:

The first term in (4.3) is the specific free energy of the
green bonds formation and

where the first two terms (4.4) are the free energies of
the ideal sol and dangling monomers, respectively; the
third term is the sum of those for all the backbone and
junction monomers forming both the treelike and cycled
fragments of the IC (with due regard for their symmetry

indices). The fourth and fifth terms in (4.4) are the free
energy of choice of the reacted S and D groups. The last
three terms (4.4) are the free energies of formation of
yellow, red, and blue bonds, respectively. The summa-
tion in (4.4) and henceforth is implied over all pairs (i,j)
with i ) 0, 2, ...f, j ) 0, 1, ..., f (the number i always
corresponding to the number of green bonds adjacent
to the monomer) but the pairs (0,0) and (0,1) equivalent
to the accounted separately sol and dangling monomers,
respectively. The minimum in (4.4) is to be found with
due regard for condition of fixing the total density of
all monomers F and that of green groups FC, definitions
(3.1) and (3.2), and those of the densities of all I groups
(blue) and C groups (green):

At last, the minimum in (4.3) is to be sought within the
interval 0 e FC e fF.

4.2. Finite and Infinite Edge Length Approxima-
tions To Describe the MC Effects. Actually, the MC
effects have been considered in two different approxi-
mations.25,29 To describe them, we distinguish mono-
mers of sort (2,n), n ) 0, 1, ... f-2, and those of sort (i,n),
2 < i e f, 0 e n e f - i, called further the backbone
and junction green monomers (BGM and JGM), respec-
tively. In the original treatment25 only the treelike
and backbone green monomers were taken into ac-
count, for simplicity, whereas in the later study29 we
have allowed for all sorts of the permissible green
monomers.

The difference between the approximations is most
transparently visualized by the notion of the green
edges, i.e., the trails of BGM between the nearest
JGM, whose length is defined as the average number
of the BGM per green edge. Noticing that the number
of green edges is just one-half of the number of green
groups belonging to junction green monomers we
call further the junction green FG (JGFG), one can
write

where 2FBGM and FJGFG are densities of the green groups
belonging to BGM and JGM, respectively. Thus, the
edge length is infinity if FJGFG is assumed to equal zero,
and it is finite if FJGFG > 0. So, we will refer to
approximations of refs 25 and 29 as the infinite and
finite edge approximations (IEA and FEA), respectively,
and consider both in parallel way.

4.3. Calculation of the Structural Characteris-
tics and Free Energy of Mesocycled Gel. To calcu-
late the function (4.4), we introduce the Lagrange
multipliers µ, ν, λ, and γ associated with the total
monomer density F and the densities FD of yellow
(fringe) and FI, FC of all blue and green (belonging to
treelike and cycled fragments of the IC cluster back-
bone) FG, respectively, and find the unconditional
minimum of the function

Fstr(F)/V ) min Fstr(F,FC) (4.2)

Fstr(F,FC) ) (FC/2) ln(e/(FCg0)) + Fh str(F,FC) (4.3)

Fh str(F,FC) ) min{F0 ln
f!F0λT

3

e
+ F1 ln

(f - 1)!F1λT
3

e
+

∑
ij

Fij ln
(f - i - j)!i!j!FijλT

3

e
+ fF0(Γs ln Γs + (1 -

Γs) ln(1 - Γs)) + FD(ΓD ln ΓD + (1 - ΓD) ln(1 -

ΓD)) - F1 ln
F1g0

e
-

fF0Γs

2
ln

fF0Γsg0

e
-

FI

2
ln

FIg0

e }
(4.4)

FD+ ) ΓDFD ) F1, FD ) (f - 1)F1 + ∑
ij

(f - i - j)Fij

(4.5a)

FI ) ∑
ij

jFij, FC ) ∑
ij

iFij, F ) F0 + F1 + ∑
ij

Fij (4.5b)

ledge ) FBGM/Fgreen edge ) 2FBGM/FJGFG )
2FBGM/(FC - 2FBGM) (4.6)
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To determine µ, ν, λ, and γ, we substitute the extremal
values of the structural parameters F0, F1, {Fij}, Γs, FD,
FI and ΓD into auxiliary conditions (4.5), the first of
which being used already to replace the parameter ΓD
in the function (4.4) by FD. The resulting from (4.7)
simultaneous extremal equations determine the equi-
librium values of all the relevant structural variables
for our new model of mesocycled weak gels.

Our strategy in performing the desired minimization
of the free energy is as follows: (i) we introduce, by
analogy with consideration of the Flory model in the
preceding section, the parameters z ) λT

-3 exp µ,Φ )
exp ν,Ψ ) exp λ, and a new parameter Θ ) exp γ; (ii)
express all the waved (reduced by the factor g0) struc-
tural variables in terms of these parameters via the
extremal equations for the function (4.7); (iii) find, using
the constraints (4.5), a convenient one-parametric rep-
resentation of all the variables and parameters as
functions of F̃ and F̃C; and (iv) minimize the partially
equilibrium free energy (4.3) with respect to F̃C and find
the structural free energy and some other weak gel
characteristics as a parametric function of F̃.

4.3.1. Calculation of the Partially Equilibrium
Free Energy (4.3) of Mesocycled Gel. To begin with,
let us write the corresponding simultaneous extremal
equations (the derivatives they are obtained from are
also indicated):

Two important relationships we use below follow from
(4.9) and (4.10):

The next group of equations is related to the density FI
of all blue bonds:

and the monomer density and conversion within the sol

fraction:

Excluding the sol monomer density F0 from the latter
yields sol conversion as a function of z̃:

Comparing eqs 4.9, 4.12, and 4.16 we get

The densities FI and FC are also determined from the
definitions (4.5b), the form of the corresponding expres-
sions being determined by choice of approximation we
use: in the IEA both FI and FC include the terms of the
zeroth and second power in Θ only, whereas in the FEA
they contain all the terms up to the fth power in Θ but
the linear one. Thus, we get

In the postgel region, where F̃I and Ψ differ from zero,
one can exclude F̃I from eqs 4.13 and 4.19 which leads
to equalities

Next, we introduce a new structural variable, the
density Fb of finite (yellow) branches hanging from the
blue and green trails, whose definition follows from
(4.4a):

Using formulas (4.8), (4.11), and (4.21), the density Fb
is calculated as follows:

F̂str(F,F0,F1{Fij},Γs,FD,FI)/T )

∑
ij

Fij ln
(f - i - j)!i!j!FijλT

3

e
+ F1 ln

(f - 1)!F1λT
3

e
+

F0 ln
f!F0λT

3

e
+ fF0(Γs ln Γs + (1 - Γs) ln(1 - Γs)) +

F1 ln F1 + (FD - F1) ln(FD - F1) - FD ln FD -

fF0Γs

2
ln

fF0Γsg0

e
- F1 ln

F1g0

e
-

FI

2
ln

FIg0

e
- λ(FI -

∑
ij

jFij) - µ(F - F0 - F1 - ∑
ij

Fij) - γ(FC - ∑
ij

iFij) -

ν(FD - (f - 1)F1 - ∑
ij

(f - i - j)Fij) (4.7)

∂F̂str/∂Fij ) 0 f F̃ij ) z̃Φf-i-jΨjΘi/[i!j!(f - i - j)!] (4.8)

∂F̂str/∂FD ) 0 f Φ ) FD/(FD - F1) f ΓD ) F1/FD )
(Φ - 1)/Φ (4.9)

∂F̂str/∂F1 ) 0 f F̃1ΓD ) z̃F̃1(1 - ΓD)Φf-1/(f - 1)! (4.10)

ΓD ) z̃Φf-2/(f - 1)! (4.11)

z̃/(f - 1)! ) (Φ - 1)/Φf-1 ) ΓD(1 - ΓD)f-2 (4.12)

∂F̂str/∂FI ) 0 f F̃I ) Ψ2 (4.13)

∂F̂str/∂Γs ) 0 f Γs/(1 - Γs)
2 ) fF̃0 (4.14)

∂F̂str/∂F0 ) 0 f F̃0 ) z̃(1 - Γs)
-f/f! (4.15)

z̃/(f - 1)! ) Γs(1 - Γs)
f-2 (4.16)

Γs ) ΓD ) (Φ - 1)/Φ (4.17)

fF̃0 ) z̃Φf/(f - 1)! ) Φ(Φ - 1) ) Γs/(1 - Γs)
2 (4.18)

F̃I ) ∑
ij

jF̃ij ) z̃Ψ[(Φ + Ψ)f-1 - Φf-1

(f - 1)!
+

Θ2

2

(Φ + Ψ)f-3

(f - 3)! ]
IEA

) z̃Ψ
(Φ + Ψ + Θ)f-1 - (f - 1)Θ(Φ + Ψ)f-2 - Φf-1

(f - 1)!
FEA (4.19)

F̃C ) ∑
ij

iF̃ij ) z̃Θ2(Φ + Ψ)f-2/(f - 2)! IEA

) z̃Θ[(Φ + Ψ + Θ)f-1 - (Φ + Ψ)f-1]/(f - 1)! FEA
(4.20)

Ψ ) z̃[(Φ + Ψ)f-1 - Φf-1

(f - 1)!
+ Θ2

2
(Φ + Ψ)f-3

(f - 3)! ] IEA

) z̃[(Φ + Ψ + Θ)f-1 - (f - 1)Θ(Φ + Ψ)f-2 - Φf-1]/
(f - 1)! FEA (4.21)

Fb ) FD(1 - (f - 1)ΓD) ) ∑
ij

(f - i - j)Fij (4.22)
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Substituting this result back to (4.22) and (4.5a) gives
the expressions for the densities F1 and FD of the
dangling monomers and all D groups, respectively:

Now, using (4.8), (4.18), and (4.25), we can express in
terms of the parameters z, Φ, Ψ, and Θ the total
monomer density:

where we introduced a parameter δ ) Θ/(Φ + Ψ)
describing a state of mesoscopic cycling, the density of
those FG (red, yellow, and blue) that belong to treelike
fragments of both the IC and sol fraction (and, therefore,
are not included into mesoscopic cycles):

and the conversion of these treelike fragments called
further the external conversion:

As seen from eqs 4.27, the external conversion is related
to the density F̃tot

tree via the MAL

where Γi is the fraction of groups belonging to mesos-
copic trails called internal conversion.

We also easily arrive at expression for the density of
unreacted groups in the sol fraction:

that for all unreacted groups both in sol and gel
fractions:

and thus at that for unreacted groups belonging to the
gel fraction only:

To find a relationship between sol and external
conversions, we notice that F̃tot

tree may be rewritten,
using eqs 4.20 and 4.26, as follows:

Now, substituting (4.27) and (4.28) into (4.30) and using
(4.16), we get the reduced fugacity z̃ and sol conversions
Γs as functions of δ and external conversion Γe:

As is seen from eq 4.32, the Flory rule (3.45) holds if
Af(δ) ) 1 which takes place only if δ ) 0, and therefore,
no MC occurs. Otherwise, a finite value of δ is deter-
mined from the expression for the internal conversion
Γi that follows from eqs 4.20 and 4.26:

Calculating the function Fstr(F,FC) by substituting
equilibrium values of quantities appearing in its defini-
tion into (4.4) and (4.3), we get

where the total conversion Γ and parameter Θ are
defined as follows:

Equations 4.28, 4.33, 4.35, and 4.37 define Γe, Γ, δ, and
Θ as some implicit functions of the total reduced
monomer density F̃ and internal conversion Γi which
enables us to define the specific structural free energy
Fstr(F,FC) as a function of Γi at a fixed value of F̃.

To show explicitly how much is the MC favorable or
disadvantageous, we present plots of the MC increment
of the free energy æmeso ) (Fstr(F,FC) - Fstr(F,0))/(FT) for
f ) 3 and different values of F̃tot ) fF̃ (see Figure 5).

The plots calculated in the IEA are presented in
Figure 5a. It is seen that in this approximation the MC
(increasing of Γi) leads to increasing of Fstr(F,FC) (and
thus is absolutely disadvantageous) for F̃tot < F̃c. On the
contrary, for F̃tot > F̃c the Flory (treelike) state of gel
fraction turns out to be absolutely unstable with respect
to mesocycling and the equilibrium value of Γi, i.e., the
location of the minimum of Fstr(F,FC), increases mono-
tonically with F̃tot from the value Γi

eq(F̃c) ) 0. Such a
behavior is characteristic of a second-order phase tran-
sition with the parameter δ playing the role of an order
parameter.25

The situation is different in the FEA with the junction
green monomers taken into account. In this approxima-
tion there is an interval F̃min < F̃tot < F̃c where both the
Flory (treelike) and mesocycled states may exist (at least
as metastable ones). As seen in Figure 5b, in a vicinity
of the classical SGT threshold F̃tot ) F̃c the increments
æ reveal a comparatively deep negative minimum in
whose vicinity the mesocycled states are more thermo-
dynamically advantageous than the Flory (treelike)
state (for F̃tot < F̃c the latter corresponds to the sol
phase). The barrier separating the sol and mesocycled

F̃b ) ∑
ij

(f - i - j)F̃ij )

z̃Φ
(Φ + Ψ + Θ)f-1 - (f - 1)Θ(Φ + Ψ)f-2 - (f - 1)Φf-2Ψ - Φf-1

(f - 1)!

) ΦΨ[1 - (f - 1)ΓD] (4.23)

F̃D ) ΦΨ (4.24)

F̃1 ) F̃D+ ) (Φ - 1)Ψ ) z̃ΨΦf-1/(f - 1)! (4.25)

F̃ ) F̃0 + F̃1 + ∑
ij

Fij ) z̃Af(δ)
(Φ + Ψ)f

f!

Af(δ) ) 1 + f(f - 1)δ2/2 IEA

) (1 + δ)f - fδ FEA (4.26)

F̃tot
tree ) fF̃0 + F̃D+ + F̃D + F̃I ) (Φ + Ψ)(Φ + Ψ - 1)

(4.27a)

Γe ) 1 - [(1 - Γs)F̃0 + (1 - ΓD)F̃D]/(F̃tot
tree) )

1 - (Φ + Ψ)-1 (4.27b)

F̃tot
tree ) fF̃ - F̃C ) fF̃(1 - Γi) ) Γe/(1 - Γe)

2 (4.28)

F̃s
un ) (1 - Γs)fF̃0 ) Φ - 1 (4.29a)

F̃tot
un ) (1 - Γe)F̃tot

tree ) Φ + Ψ - 1 (4.29b)

F̃g
un ) F̃tot

un - F̃s
un ) Ψ (4.29c)

F̃tot
tree ) fF̃ - F̃C ) z̃(Φ + Ψ)fAf-1(δ)/(f - 1)! (4.30)

z̃/(f - 1)! ) Γe(1 - Γe)
f-2/Af-1(δ) (4.31)

Γs(z̃(δ))(1 - Γs(z̃(δ)))f-2 ) Γe(1 - Γe)
f-2/Af-1(δ) (4.32)

Γi ) (fF̃ - F̃tot
tree)/(fF̃) ) 1 - (Af-1(δ)/Af(δ)) (4.33)

Fstr(F,FC) ) Fid(F) + T{fF[Γ/2 + ln(1 - Γe)] +

(FC/2) ln(Θ2/F̃C) - f-1 ln(Af(δ))} (4.34)

1 - Γ ) F̃tot
un/(fF̃) ) (1 - Γe)F̃tot

tree/(fF̃) ) (1 - Γe)(1 - Γi)
(4.35)

Θ ) δ(Φ + Ψ) ) δ/(1 - Γe) (4.36)
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gel phase is here low, and it disappears in the classical
postgel region F̃tot g F̃c. Thus, the latter turns out to be
always mesocycled. The further evolution of the incre-
ment behavior is shown in Figure 5c. The minimal value
of the structural free energy corresponding to the
mesocycled gel increases with decrease of F̃ until it
disappears at F̃tot ) F̃min ≈ 0.905F̃c (curve 2 in Figure
5c). In the region F̃tot < F̃min no minimum of the function
æ(Γi) exists; therefore, the mesocycled gel is here
absolutely unstable with respect to decomposition into
the sol phase. Such a behavior is characteristic of the
first-order phase transition occurring at F̃tot ) F̃SGT ≈
0.915F̃c (curve 4 in Figure 5c).

So, the distinction between the IEA and FEA dem-
onstrated in Figure 5 is a counterpart of that between
the ST and Flory descriptions discussed in section 3:
in both cases the order of the sol-gel transition is
determined by accounting or neglecting of junction
monomers.

4.3.2. Calculation of the Equilibrium Free En-
ergy (4.2) of Mesocycled Gel. In the preceding
subsection we proved that there exists a favorable state
of MC providing a minimal value of the structural free
energy. In this subsection we complete our analysis by
deriving a one-parameter representation of all relevant
thermodynamically equilibrium (i.e., corresponding to
this minimum) weak gel characteristics.

To this end we append extremal equations (4.9)-
(4.10) and (4.13)-(4.15) by one more extremal equation
with respect to the green groups density:

Comparing eqs 4.20 and 4.37, we get a new equality

(remind that this equality holds only for mesoscopically
cycled gel with δ * 0).

On the other hand, it follows from eqs 4.27a and 4.37
that the total density of the FG A reads

which with eq 4.26 gives the equilibrium external
conversion as an explicit function of δ:

Substituting (4.40) into (4.35) and (4.39), we complete
construction of the desired one-parametric representa-
tion for all the relevant structural variables:

It follows from eq 4.42 that Γ ) Γe in the case of δ ) 0,
which reduces (4.41) to the conventional MAL (2.39).
Thus, eqs 4.41 and 4.42 generalize this law for meso-
cycled weak gels.

Two more interesting structural characteristics are
the fraction of those monomers that have at least two
green groups and thus are included into mesoscopic
cycles

Figure 5. MC increment of the free energy æmeso as a function of the fraction of bonds involved into mesoscopic cycles at different
values of the reduced group density F̃tot for the IEA (a) and FEA (b, c). In (a) and (b) F̃tot ) F̃c + (i - 3) × 0.05, where i are the
numbers labeling the curves, and in (c) F̃tot ) F̃SGT + (i - 4)(F̃SGT - F̃min)/2. The behavior of the curves plotted in (b) for low values
of the internal conversion Γi is shown within the inset.

F̃tot ) fF̃ ) F̃tot
tree + F̃C ) (Φ + Ψ)(Φ + Ψ - 1) + Θ2

(4.39)

Γe(δ) ) 1 - (Φ + Ψ)-1 ) Af-1(δ)/Bf(δ) (4.40)

F̃tot ) [Γe(δ) + δ2]/(1 - Γe(δ))2 (4.41)

Γ ) 1 -
(1 - Γs)F̃0 + (1 - ΓD)F̃D

F̃tot
)

(Φ + Ψ - 1)2 + Θ2

(Φ + Ψ)(Φ + Ψ - 1) + Θ2
)

(Γe(δ))2 + δ2

Γe(δ) + δ2
(4.42)

∂F̂str/∂FC ) 0 f F̃C ) Θ2 (4.37)

1 ) z̃Bf(δ)(Φ + Ψ)f-2/(f - 1)!,

Bf(δ) ) (Af(δ) - Af-1(δ))/δ2 (4.38)
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and that of intramolecular bonds forming the gel frac-
tion (the reduced cyclomatic index23,25):

The numerator of (4.44) is just the excess of the actual
number Ng of chemical bonds forming a macromolecule
consisting of Ng

0 + 1 monomers as compared to the
minimal number of the bonds Ng

0 necessary to conjunct
these monomers into one macromolecule, known to
equal the number of independent cycles (cyclomatic
rank) for the macromolecule. The gel fraction conversion
Γg appearing in (4.44) is defined as follows:

Finally, substituting (4.37) into (4.34), one can check
that the structural free energy of the mesocycled weak
gels is again given by expression (3.48):

where the chemical potential is determined from (4.26)
as follows:

and the concentration dependence of the total and
external conversions for the mesocycled weak gels are
parametrically determined by eqs 4.40-4.42. Thus, we
reduce (4.46) to the form

The reduced concentration dependences of the specific
cluster contributions (per one FG) into the structural
free energy (4.2) are determined by eqs 2.40a, 3.20b, and
4.48 for all the approaches under discussion and plotted
in Figure 6.

It is seen from Figure 6 that the FEA has a unique
feature of detecting the gel mesocycled phase below the
classic SGT in the interval F̃min < F̃tot < F̃c of the reduced
group A densities whereas for all other approximations
the specific structural free energies are monotonic and
the SGT occurs at the same values of Γ and F̃. In the
region of common existence of all four approxima-
tions F̃tot > F̃ the FE and ST approximations always
provide the larger and lowest, respectively, free energy
of the gel fraction than the Flory one. The function
Fmesocycle

finite (F̃tot), defining the extremal values of the spe-
cific structural free energy (4.43), reveals in this interval

a peculiar singularity of the swallow-tail type (see insets
in Figure 6). (Such a singularity was found also when
considering equilibrium between a solution of simple
cycles and the Flory gel phase in a rather different
telechelic system.35)

It is also seen from Figure 6 that even the simplest
approximation (IEA), that takes into account the MC
effects, provides a decrease in the specific structural free

Figure 6. Dependences of the cluster contributions into
equilibrium structural free energy of the total reduced group
density F̃tot for Stockmayer and Flory models (the dashed and
bold lines, respectively) and those for mesoscopic cyclization
models (the dotted and solid lines, respectively). To visualize
their distinction near the sol-gel threshold where these
contributions are rather close to each other, the increments æ
) (Fmesocycle(F̃tot) - FFlory(F̃tot))/T and (FStockmayer(F̃tot) - FFlory-
(F̃tot))/T are plotted in the insets. (a) f ) 3, (b) f ) 10.

wGM )

∑
ig2

Fij

F
) f(f - 1)δ2/2 IEA

) [(1 + δ)f - fδ - 1]/[(1 + δ)f - fδ] FEA (4.43)

r ) lim
N gf∞

0
(Ng - Ng

0)/[f(Ng
0 + 1)/2] ) Γg - (2/f) (4.44)

Γg ) 2Ng/(fNg
0) ) 1 - F̃g

un/F̃g
tot ) [Ψ(Ψ + 2Φ - 2) +

Θ2]/[Ψ(Ψ + 2Φ - 1) + Θ2]

)
δ2(1 - Γs(δ))2 + (Γe(δ) - Γs(δ))[Γe(δ) + Γs(δ) - 2Γe(δ)Γs(δ)]

δ2(1 - Γs(δ))2 + (Γe(δ) - Γs(δ))[1 - Γe(δ)Γs(δ)]
(4.45)

Fstr(F)/VT ) F(µ/T) - F + fFΓ/2 (4.46)

µ/T ) ln(z̃λT
3/g0) )

ln f!FλT
3 + f ln(1 - Γe(δ)) - ln Af(δ) (4.47)

Fstr(F) ) VFid(F) + fNFmesocycle(F̃tot)

Fmesocycle(F̃tot)/T ) (Γ/2) + ln(1 - Γe(δ)) - f-1 ln Af(δ)
(4.48)
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energy as compared to that of Flory (increment) of the
same order of magnitude as the latter does in compari-
son to the Stockmayer treatment. Notice at last that
the absolute values of the increments increase when
functionality f increases.

5. Quantitative Results and Discussion
Thus, it has been demonstrated in the present paper

that both the Stockmayer and Flory model overlook
important structural elements of the infinite clusters
the mesocycled fragments we managed to visualize as
green bonds and quantitatively describe via the density
functional approach based on the BMI concept. Such
fragments are to be described by a new order parameter
Θ, which changes significantly the MAL and weak gel
thermodynamics.

To demonstrate, how the MAL is altered due to the
MC, we plotted the dependences of the total conversion
Γ on F̃tot for all the models under discussion for f ) 329

and f ) 4, 5, 6, and 10 (see Figure 7). They reveal an
evident tendency: the more possible structural elements
are taken into account, the larger Γ is. As seen from
Figure 7, the ST model providing the less detailed
description of the IC is getting more and more inad-
equate as F̃tot and functionality f increase. In turn, the
Flory model also underestimates values of Γ as com-
pared to both models of mesocycled gel. This underes-
timation is especially pronounced close to the SGT, the
difference being increased as f increases. In particular,
the ratio Γmesocycle

finite (F̃c)/ΓFlory(F̃c) is about 1.1 and 1.5 for f
) 3 and f ) 10, respectively. The total conversion is seen
to depend (in all models but the Flory one) both on the
total reduced density F̃tot of the groups A and (in the
postgel region) on the monomer functionality f. (The
analysis for high values of f is quite meaningful since

the corresponding cluster contribution into the free
energy is identical36 to that for polymer chains each
having f side FG A.)

The concentration dependences of some structural
characteristics of the gel fraction, defined in section 4,

Figure 7. Total conversion Γ as a function of F̃tot for the Flory
and Stockmayer models (bold and dotted lines, respectively)
and the MC model in the IEA and FEA (dashed and solid lines,
respectively). The curves are plotted for the values of the
monomer functionality f ) 4, 5, 6, and 10 and labeled 1, 2, 3,
and 4, respectively. All the curves corresponding to the same
value of f start from the same point, which enables to label
only one (Stockmayer) curve from every set. For f ) 6 a vicinity
of the SGT is shown in the inset.

Figure 8. (a) Total (Γ), sol (Γs), external (Γe), and internal
(Γi) conversions (curves 1, 2, 3, and 4, respectively), reduced
cyclomatic index r (curve 5), and fraction w of monomers
included into mesoscopic cycles (curve 6) as functions of F̃tot
calculated for f ) 3 in FEA (solid lines). The quantities Γ, Γs,
and r are calculated also for the Flory model (dashed lines)
and labeled similarly. (b) Same plots for f ) 10. A vicinity of
the SGT is shown in the inset.
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are presented in Figure 8 for f ) 3 and f ) 10. It is seen
from Figure 8 that the sol conversion is always lower
for the FEA than that calculated at the same reduced
group concentration F̃tot for the Flory model disregarding
the MC effects.

The limiting (in the limit F̃ f ∞) values of the index
r and fraction w equals r∞(f) ) 1 - 2/f and w∞(f) )
limF̃f∞ w(F̃), respectively. When the functionality f
increases, they also increase whereas the limiting
internal conversion Γi

∞(f) ) limF̃f∞ Γi(F̃) decreases. In
the limit f f ∞ we find Γi

∞(∞) ) 0.5 and w∞(∞) ) 1.
Thus, in the completely reacted (Γ ) 1) weak gel of a
high functionality one-half of all bonds belongs to
mesoscopic cycles, and every monomer is included into
such cycles via at least two groups A. Close to the SGT,
Γi is always higher than r, but if f is high enough the
situation may reverse with increase of F̃tot and Γ (Figure
8).

One more view of the gel phase structure is given in
Figure 9 where the weight gel fraction Φg ) 1 - (Fs/F)
and that of the dangling monomers Φ1 ) F1/F are built
as functions of F̃tot for f ) 3 within all theories. (As
discussed in section 3, in the ST model the IC consists
of the dangling monomers only and Φg ) Φ1.) Similar
to Figure 7, the more possible structural elements are
taken into account, the larger Φg is. One should stress
a unique feature of the FEA of the MC model: it predicts
that there is no equilibrium gel phase with Φg < ΦSGT-
(f). As seen from Figure 9, ΦSGT(3) ) 0.37. We calculated
the function ΦSGT(f) and found that it smoothly in-
creases with f and approaches a limiting value ΦSGT(∞)
) 0.48.

As regards the weight fractions Φ1 of the dangling
(elastically inactive) monomers, it is seen from Figure
9 to pass a maximum and to be the more overestimated
by a theory, the less possible structural elements are
taken into account by the theory. Indeed, if monomers

are included into mesoscopic cycles and/or become
junction monomers, they cannot belong to the branches.
Notice that the difference between the values of Φ1
predicted by the Flory and MC theory stays noticeable
up to much larger values of the total reduced density
F̃tot (and thus total conversion Γ) than that for Φg.

All the data presented in Figures 7-9 clearly evidence
that Flory model underestimates the cyclization effects.
But the bonding constant g0, appearing in the definition
F̃tot ) fg0F, itself is to be determined from experimental
data which makes difficult a direct check of the theo-

Figure 9. Weight gel fraction Φg (solid lines) and that of
dangling monomers Φ1 (dashed lines) as functions of F̃tot for f
) 3 calculated for Stockmayer (1), Flory (2), and mesoscopic
cyclization models in the IEA (3) and FEA (4). The asterisks
indicate the location of the first-order SGT on the FEA curves.

Figure 10. Structural characteristics of the gel phase as
functions of the total conversion Γ for f ) 3. (a) The straight
line Γ ) Γ (1) as a baseline and Γs, Γe, r, and w (curves 2, 3, 5,
and 6, respectively) calculated in FEA (solid lines). The sol
conversion Γs and r are calculated also for the Flory model
(dashed lines) and labeled similarly. The dotted line 2 corre-
sponds to the Stockmayer model result for Γs. (b) The fraction
of the bonds involved into mesoscopic cycles (internal conver-
sion) Γi (curve 4), weight gel fraction Φg (curves 7), and that
of dangling monomers Φ1 (curves 8). The results calculated in
FEA and for Stockmayer and Flory models are plotted as the
solid, dotted, and dashed lines, respectively.
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retical predictions. (The structural characteristics mea-
sured as functions of ln F at different (constant) tem-
peratures should differ only by a shift ln(fg0) along the
ln F-axis, though.) So, to provide such a comparison for
the most aforementioned quantities, we calculated them
as functions of the directly measurable total conversion.

As seen from Figures 10 and 11, the difference
between the Flory and MC model predictions for the
quantities defined in both models is less than between
both of them and those of the ST model. It stays, though,
quite noticeable and disappears only for comparatively
large values of Γ where both the sol fraction and that
of dangling monomers become negligible. The reduced
cyclomatic index r is seen to grow here as Γ. (Practically
every new bond makes a new cycle since no sol mono-
mers to be attached to the IC are left.) Remarkably, even
here the MC model predicts a considerable structural
change (shift of the cycles-trees equilibrium toward the
cycles).

The MC effects, leading to the occurrence of the new
order parameter Θ and thus changing the SGT from a

geometric event into a genuine phase transition, are
even more important for the weak gel thermodynamics.
Say, the swallow-tail singularity of the free energy in
the vicinity of the SGT, shown in the insets in Figure
6, implies that the SGT line is always located within a
region where weak gel separates into sol and gel phases.

To make this conclusion even more spectacular, we
plotted the pressure, given by eq 2.41, as a function of
the concentration for weak gels with concentration
dependence of the broken units pressure P0(F,T) ) TF,
corresponding to the ideal gas of the broken units, and

that corresponds to the lattice gas (liquid) of the broken
units. For definiteness, we define the lattice cell volume
v appearing in (5.1) by the equality g0/v ) F̃c. (A general

Figure 11. Same plots as in Figure 10 for f ) 10.

Figure 12. Weak gel pressure as a function of its volume
fraction φ for f ) 3. (a) The cluster contribution to pressure
for Flory and Stockmayer models (bold and dotted lines,
respectively) and the MC model in the IEA and FEA (dashed
and solid lines, respectively). (b) A typical isotherm of the
lattice weak gel with a properly chosen temperature. The
asterisks indicate the limits of stability for the sol (treelike)
and gel (mesocycled) phases at a fixed value of φ.

P0(F,T) ) -Tv-1 ln(1 - vF) (5.1)
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analysis for an arbitrary values of the ratio g0/v and the
Flory ø parameter is given elsewhere.)

As seen from Figure 12, the pressure calculated in
the FEA drops stepwise under the IC formation which
is due to the stepwise change of the total conversion
under this transition caused, in turn, by the stepwise
emergence of the order parameter Θ characterizing MC
states. As a result, the function P(F,T) splits into two
separated branches corresponding to sol and gel phases
with no thermodynamically reversible passage between
them. We believe that this rather specific feature of the
SGT treated with due regard for the MC effects is
directly related to the peculiar SGT dynamics observed,
e.g., in ref 37.

Thus, we demonstrated in this paper that the effects
of mesoscopic cyclization within the gel fraction are
manifold and far from being negligible. They include
both considerable quantitative changes of the gel phase
structure as compared to the conventional Flory treat-
ment of the treelike IC and the fundamental change of
the SGT itself from a purely geometric phenomenon into
a genuine first-order phase transition. The further
improving of our understanding of the IC structure and
the SGT nature hardly can be achieved without elabo-
ration a rigorous perturbation procedure to describe the
finite cycles within the gel fraction (which seems to be
much harder than that for the sol fraction22-25,38). Until
then the only way to check the existing theories of weak
gels is to explore and compare all their implications to
be observed in real experiments.39 In such a vein, for
both the Flory and MC models we compared a global
weak gel phase behavior (the classification of their
phase diagrams)36,41 and studied the coil-globule tran-
sition in the associating solvent.42 The scattering sin-
gularities due to the mesoscopic cyclization effects are
discussed in refs 25 and 43 within the IEA and FEA,
respectively.
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Appendix. Free Energy and Entropy of a
Dimeric System

Let N dimers AB be confined in the volume V and
exposed to the external fields φA(r) and φB(r) applied to
the monomers A and B the dimers are formed of. It
follows from definitions (2.3)-(2.5) that the function of
distribution in the configuration space and the free
energy of the system are

with ψi(r) ) exp(-φi(r)/T) and (ĝψi)(r) ) ∫dr′ g(r - r′)ψi-
(r′). On the other hand

Here E({φi(r)},{Fi(r)}) ) ∑i)A,B∫dV Fi(r)φi(r) is the energy
of the system with certain nonuniform density profiles
{Fi(r)} of the monomers subjected to the external fields
{φi(r)}, Fji(r) are the density profiles equilibrium in the
applied external fields φi(r), and SAB({Fi(r)}) is the
entropy of the system with such density profiles, Fj and
φ being interrelated as follows:

It follows from (A2)-(A4) that

Substituting (A5) into (A3) and the definitions of E({φi-
(r)} and {Fi(r)}), we get finally the desired expressions
for the entropy of the system of dimers and that of the
directed bond formation:

with functions Fi(r) and ψi(r) from (A5). For the uniform
distribution (FA(r) ) FB(r) ) constant) the entropy of the
directed bond formation is simply
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